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We  derive  spectral  necessary  and  sufficient  conditions  for  stationary  symmetric  stable  processes 
to  be  metrically  transitive  and  mixing.  We  then  consider  some  important  classes  of  stationary 
stable  processes:  Sub-Gaussian  stationary  processes  and  stationary  stable  processes  with  a  har¬ 
monic  spectral  representation  are  never  metrically  transitive,  the  latter  in  sharp  contrast  with  the 
Gaussian  case.  Stable  processes  with  a  harmonic  spectral  representation  satisfy  a  strong  law  of 
large  numbers  even  though  they  are  not  generally  stationary.  For  doubly  stationary  stable  processes, 
sufficient  conditions  are  derived  for  metric  transitivity  and  mixing,  and  necessary  and  sufficient 
conditions  for  a  strong  law  of  large  numbers. 

AMS  1980  Subject  Classification :  Primary  60E07,  60G10,  47 DIO,  28 DIO. 
stable  processes  *  ergodic  theory  *  stationary  processes  *  spectral  representations 


1.  Introduction 

Stationary  symmetric  a-stable  (SaS)  processes  have  been  characterized  in  [12] 
and  form  a  richer,  and  therefore  more  unyielding  class  of  processes  than  the 
stationary  Gaussian  processes.  For  instance,  while  all  stationary  Gaussian  processes 
which  are  continuous  in  probability  have  a  harmonic  spectral  representation,  this 
is  not  so  in  the  stable  case;  and  when  1  <a  <2  the  class  of  SaS  moving  averages 
is  disjoint  from  the  class  of  regular  SaS  processes  with  a  harmonic  representation, 
whereas  in  the  Gaussian  case,  these  two  classes  coincide  (cf.  [5]). 

Using  their  description  developed  in  [12],  we  derive  necessary  and  sufficient 
conditions  for  stationary  SaS  processes  to  be  metrically  transitive  (Theorem  1)  and 
mixing  (Theorem  2).  We  then  consider  some  important  special  classes  of  stationary 
SaS  processes.  We  show  that  sub-Gaussian  stationary  processes  are  never  metrically 
transitive  (Theorem  3).  SaS  moving  averages  are  of  course  mixing,  and  stationary 

Research  supported  by  the  Air  Force  Office  of  Scientific  Research  Contract  No.  AFOSR  F49620  S2 
C  0009, 
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SaS  solutions  of  linear,  constant  coefficient,  stable  stochastic  differential  equations 
are  strongly  mixing;  the  latter  is  the  continuous  time  analog  of  a  result  in  [13]  for 
discrete  time  autoregressive  SaS  processes  and  is  established  likewise.  Stationary 
SaS  processes  with  a  harmonic  spectral  representation  are  never  metrically  transitive 
(Theorem  4),  in  sharp  contrast  with  the  Gaussian  case.  Also  SaS  processes  with  a 
harmonic  spectral  representation  satisfy  a  strong  law  of  large  numbers  (Theorem 
5)  even  though  they  are  not  generally  stationaiy;  lias  is  an  L(t  analog  of  results  in 
[10]  for  L2-stationary  processes.  Finally  in  Section  6  we  introduce  doubly  stationary 
SaS  processes — a  new  class  of  SaS  stationary  processes  with  “stationary"  spectral 
representations  which  includes  Gaussian,  a-sub-Gaussian  and  SaS  moving  average 
processes — and  give  sufficient  conditions  for  metric  transitivity  (Theorem  6)  and 
mixing  (Theorem  7),  as  well  as  necessary  and  sufficient  conditions  for  them  to  satisfy 
the  strong  law  of  large  numbers  (Theorem  8). 

We  concentrate  on  real  processes  defined  on  the  real  line,  but  similar  results  hold 
for  real  sequences,  as  well  as  real  processes  defined  on  certain  more  general  groups 
(see  e.g.  [21]  where  ergodic  properties  for  harmonizable  SaS  processes  on  LCA 
groups  are  discussed).  The  assumption  that  the  process  is  real  is  needed  when 
considering  metric  transitivity  and  mixing,  because  of  the  use  of  the  dense  set  of 
trigonometric  polynomials  (cf.  [19,  p.  163]),  but  is  of  no  significance  when  consider¬ 
ing  laws  of  large  numbers. 

We  now  introduce  some  basic  notation  and  properties  used  throughout  the  paper. 
A  real  random  variable  Y  is  SaS,  0<  a  ^  2,  if  E  expfirV )  =  exp(  |r|"  )  for  all  r 
and  some  ^  0.  A  process  X  =  { X, :  -oc  <  i  <  oc}  is  SaS  if  all  finite  linear  combina¬ 
tions  X  otXti  are  SaS.  For  a  SaS  random  variable  V,  set  ||  Y\\n  =  c\  Then  ||  • 
defines  a  norm  in  the  case  1  ^  a  ^  2,  and  a  quasi-norm  in  the  case  ()<  a  <  1,  on  the 
linear  span  of  the  Sa  S  process  X,  J  ( X  ),  which  metrizes  convergence  in  probability. 
Also,  for  0<  p  <  a, 

(£|y|r)‘  r  =  r(/>,a)||V||(. 


where  the  constant  C(p,  a)  depends  only  on  p ,  a  and  not  on  Y  [22).  Stationary 
SaS  processes  X  with  0<  a  <  2  have  finite  dimensional  characteristic  functions  of 
the  form 


F  expji  V  a„X,  expj  -||^  v  a„U,^<J>  j 
and  thus  the  following  spectral  representation  in  law 

I X, ,  -  x  •-  («  x}-|J  <  f ',</>)(  A  )  dZ(  A  ),  -x  -  /■  xj 


(  I  1 


(2) 


[  12].  Here  1  2',  m  I  is  a  measure  space,  Lj  £,  X,  p )  ^  L.tip  1,  1  (  ,,  x-  x) 

is  a  group  of  ison.vtnes  on  L.,ip),  and  Z  is  the  canonical  independently  scattered 
SaS  measure  on  t  /:,  I,  p  U  i.e.  for  all  disjoint  sets  E„  *  1  of  finite  ^  -measure, 

Z(  I, .  .  . ,  Z(  f  n  \  are  independent  with  E  exp{irZ(  Ek  I)  -  exp(  \r\"p{  hk  >|,  so  that. 
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for  all  fe  L„(n), 

E  expji  | /dzj  =exp{-  ||/||“}. 

Denoting  by  =  c/{X,,  -oo<  /<oo}  the  cr-aigebra  of  X -measurable  events,  the 
shift  transformation  associated  with  the  stationary  SaS  process  is  defined  in  the 
usual  way  for  ail  X-measurable  (i.e.  ^-measurable)  events  and  random  variables, 
so  that  e.g.  g(X,(, . . . ,  X,J  shifted  by  r  becomes  g(X#l  +  T, . . . ,  X,^r)  (cf.  [19]).  For 
the  notions  of  metric  transitivity  and  mixing,  and  for  laws  of  large  numbers,  it  is 
necessary  that  the  process  {t/t,  -oc<  t<oc}  obtained  by  shifting  an  X-measurable 
random  variable  17  be  measurable.  This  is  the  case  if  the  original  stationary  SaS 
process  X  is  measurable,  or  has  a  measurable  modification  (cf.  [19]).  In  view  of 
the  following  property  we  assume  without  further  notice  that  the  group  {U(}  is 
strongly  measurable  on  all  of  L"(ix)  and  that  p.  is  (/-finite. 

Theorem  0.  For  a  stationary*  SaS  process  X  with  spectral  representation  (2)  the 
following  are  equivalent : 

(i)  X  has  a  measurable  modification , 

(ii)  X  is  continuous  in  probability , 

(iii)  {  U,}  is  strongly  measurable  on  F  =  sp{  U,4>}i >, 

(iv)  {U,}  is  strongly  continuous  on  F. 

Proof.  By  [6],  X  has  a  measurable  modification  if  and  only  if  the  map  L :  R  L„  I  p  I 
given  by  L(t)  =  V,d>  is  measurable,  since  the  (quasi-)  norm  ||  •  ||,V‘“  on  Ji  X  )  metrizes 
convergence  in  probability,  and  by  ( 1 )  the  linear  extension  of  the  map  X,*~*  U,<t>  is 
an  isometry  of  X'iX)  into  („(/*)■  If  L  is  measurable,  its  range  is  separable,  and  we 
may  thus  assume  without  loss  of  generality  that  (£,2,^1  is  '/-finite.  More  sig¬ 
nificantly,  measurability  of  L  implies  measurability  of  the  map  t*->U,J  for  each 
/e  £,  i.e.  strong  measurability  of  the  group  {U,}  on  F.  This,  how¬ 
ever,  implies  the  strong  continuity  of  {U,\  on  F  (see  [8,  p.  616]),  and  hence  that 
A  is  continuous  in  probability  (since  X,^Xlu  in  probability  if  and  only  if 
)|  U,<t>  -  t^||/i<lM,  -♦  0).  Thus  (i)=>(iii)=>(iv)=>(  ii )  and  the  proof  is  complete  by  the 
well  known  property  (ii)=>(i).  [.  ] 

That  <il  .implies  (ii)  when  a  -2  (in  fact  for  all  weakly  stationary  processes  with 
finite  second  moment)  was  shown  in  [7], 


2.  Metric  transitivity 

A  stationary  process  V  is  called  metrically  transitive  or  ergodic  if  any  of  the 
I  ol  lowing  equis  a  lent  conditions  is  satisfied  ( cf.  [9 1 ):  ( i )  the  shift  invariant  measurable 
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sets  $  of  X  have  probability  zero  or  one;  (ii)  for  each  X-measurable  random 
variable  yj  with  £|7j|<oo, 

1  [T 

lim  —  I  rfT6T=Eri  a.s.  (3) 

r-oc  T  Jo 

where  is  r)  shifted  by  r;  (iii)  whenever  Ae  cr(Xt,  /*s0),  Be  a(Xty  t  ^0)  and  BT 
is  the  event  B  shifted  by  r, 

1  fr 

lim-  P(  A  n  BT)  dr  ~  P(A)P(B)  a.s.  (4) 

By  a  result  of  Maruyama  and  Granander  [19,9],  a  stationary  Gaussian  process 
is  metrically  transitive  if  and  only  if  its  spectral  measure  has  no  atoms.  For  general 
stationary  stable  processes,  we  have  the  following  characterization. 


Theorem  1.  A  stationary  SaS  process  X  with  0  <  or  2  and  spectral  representation 
( 2 )  is  metrically  transitive  if  and  only  if  for  each  h  e  sp{  U,<t>y  -  x  <  /  <  cx } ,  M  , , 


\\uTh-h\\:dT=2\\h\\: 


(5) 


and 


d  r  -  4||  h  ||  . 


(6) 


Proof.  As  in  the  standard  proof  for  Gaussian  processes,  it  suffices  to  have  (  3)  for 
r.v/s  r)  of  the  form  rj  =  exp[i  Vn  J  a„X, J,  and  this  is  where  the  fact  that  A  is  real 
is  used  (see  [19]  or  [9]).  Then,  putting  h  -  we  have  rjT 

exp[i  J|.  UTh  dZ]  and 

i7Tdr  =  y|  expj^ij  Lr/idZ  dr. 

By  Birkhoffs  theorem  [  19],  Yf  Eir)  |  /  )  -  V\  a.s.  Thus  (3)  is  satisfied,  i.e.  V,  -  Fry, 
if  and  only  if  E\  Yx  p  =  |£  Yx  |\  if  and  only  if  lim ,  E |  V, lim  ,  If  V,  |\  But 

exp[ -||L/r/i||::)dr-exp|  ||fc|i:!l. 

and 

b:\  V  ,  I'  -  ^  |  exp|  -  || (  U.  ~  t  )  dr  d<r 

Since  |x|"  +  |  v|'*  -\x  -  y|"  is  a  positive  definite  function  of  \  and  v.  t  l  Ji  m  A  )  ‘  * 
i(  l  ',h  MA  l!"  -  | [Ur  -  f'„)/i](A  is  a  positive  detinue  function  of  r  and  <r  for  each 
A,  and  thus  so  is  its  ^  integral  over  h  2||/i||]|  Hit  l„)h\  ]  Since  the  latter 
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depends  only  on  the  difference  r-cr,  and  is  continuous,  we  have  by  Bochners 
theorem 

2||fc|i::-NU',  -  u.,)h\\"  =  J  e" T  . dr(u) 

where  v  is  a  finite  symmetric  measure.  Then  proceeding  as  in  [9,  p  77],  we  obtain 

* . 

i  ii.' . 

- •  I  *  1  r'“(»t 

I  '  '  k  |  ^  * 

where  r'*'  is  the  k  fold  convolution  of  v.  It  follows  that  A  is  metrically  transitive 
if  and  onl>  r  *  {<>(-<>  for  all  k  M  (and  all  /i  ♦  sp{l  ,</>,  **  /  x( 

Since  the  function  f\  e,rM  drlul  2\\h*'\\  II  i'.h  h  [  is  even,  we  have  b>  the 
inversion  formula 

I  I*' 

r{i)\  2'J/ili::  lim  I  P  (  ./i  /i|  !!  dr 

and  thus  r| Of  0  if  and  only  if  (5i  is  satisfied  Also 
v  (0}  |  H  v  (  drl  A )  s 


*  » 

j 


lim 


4  h 


m  rl 


/■  : 


.  i-i  WHO  li'dx] 

(  Ji  h  ■;»  dr 


i  r  is  sv  mmetric  i 


i  bv  W  iener‘s  theorem  [  I  *  1 1 


DTlO 


4  h  ‘  lim 

/  •  *  7 


•  t 

1 

[  h  h  d  t  t  1 1  m 

•  7 

f  h  h 

,*  dr 

(  ro~  ) 

,, 

*  •  *  7 

, 

from  w  hich  it  follows  that  r,k  MM  0.  k  1,2,  if  and  only  if  t  5  i  and  <  M  are  satisfied 
The  proof  is  completed  by  noting  that  i  from  the  above  calculation  i  r  MM  0  implies 
i  has  no  atoms  and  thus  r  *  {0(  0  for  all  A  *  2 


When  a  stationarv  SoS  process  A  is  metrically  transitive  we  can  use  Birkhotl 
theorem  to  estimate  its  covariation  function  which  plays  a  role  analogous  to  that  N 
of  the  covariance  when  «  2  (4]  Indeed  when  l  p  ■  a  ‘  2  we  have 


rj 


A,  A 


df 


/:  { A  ,i  A'  Tr  1  Cpip.  a)  -  . 


(  ov(  A,,.  A  i 


Aoii::  11 


where  x  f1  'v1'*  sign!  x  )  and  the  equality  follows  from  [3].  For  r  0  this  gives  the 
scaling  constant  of  the  process: 


7  J 


\,r  d' 


F|.v„r  -  rr(p,«)||x„|| 


fl-l  20 
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3.  Mixing 

A  stationary  process  is  called  mixing  if  either  of  the  following  equivalent  conditions 
is  satisfied;  li)  with  V  H,  H,  as  in  (41, 

lim  Hi  A  H}  i  Pi  A  i  Pi  P>,  i  i 

/  • 

iiii  whenever  6  is  i  ( '  Oi. measurable,  tj  is  i\(,  i  -  OMneasurable.  ft 
I  t)  v  .  and  ?/,  is  rj  shifted  h\  /,  we  have 

lim  /:  Ut //  >  /  i  f  i).  t 

It  is  clear  that  mixing  is  a  stronger  property  than  metric  transitivity  \  stationary 
Ciaussian  process  with  harmonic  spectra)  representation  \  Ke  |  e  dW’i  a  i  is 
mixing  it  and  onl>  it  its  covariance  H\  I  i  J  e  '  d/a<  A  i  tends  to  zero  as  /  -  t 
for  non-C taussian  stationary  stable  processes,  we  have  ihe  following  charac¬ 
terization. 

I  heorem  2.  A  s uitutntirv  SmX  /n/ecss  \  with  o  a  ■  2  ami  \p»v//a/  rcpn-u'ntiHmn 
2 1  i\  onxi/iy  it  uthl  onf  i  it  tor  etrri  g  sp[/  />.  f  if  /  « ^  <  ant  /  /i 
>p,!  /  a//.  /  "Of  )  ,  l  v  K 

lim  v  *  l  ,  h  e  '  »  h  \  o » 


Proof.  It  sutVkes  to  have  iXi  for  t  v  \  tit’  the  form  n  e\p|i^  </,  \  |.  r  o 


exp|  i  />,.  \  j,  *  u  Putting 


l  <!>.  v  b.,i  /.  we  have 


/ v  /  expj^  i  J  v  ii/  j  c x p|  g  ]. 

/  m.  /  exp  i  I  ./id/  exp|  I  ,  /i  .!  e\p|  h  \  j. 


/  1  i/  ■  f  exp^  i  j  •  g  ‘  I  /»  i  d/  J  e\p|  g  •  /  K 
?  r<  wn  which  ■  '  <  lollmo 


4  Sub*(  .aussian  processes 

\  process  \  is  called  «»  sub  t  laussj.m  il  its  luittc  dim«nMonai  «.  liar  ,w  Or  i  -a  i 
I  um  !  u  ms  are  ut  the  lot  m 


\  a  .  a,  P  1  r..  ! 
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where  R(f,  s)  is  a  positive  definite  function,  or  equivalently,  if  X ,  =  Al/2Gt ,  -oo<  /< 
x ,  w  here  A  is  ;  ositi  ve  a  /  2-stable  and  independent  of  the  Gaussian  process  G  which 
has  mean  zero  and  covariance  function  R.  We  show  that  stationary  sub-Gaussian 
processes  are  not  ergodic. 


Theorem  3.  Sub-Gaussian  stationary  processes  are  never  metrically  transitive. 


Proof.  Since  for  a  zero  mean  normal  r.v.  £  we  have  £|£|rt  =  D(,(E£2)tt/2,  where  the 
constant  ft,  does  not  depend  on  £,  it  follows  that 


(  V 

1  [ 

/  *  \2“ 

j  i  X 

rexpr 

J 

=  exp 


-2  '  2 D,t'E 


N 

I 

n  -  1 

} 

Hence 


{Am  X- 


l/,G(l  dZ,  —  oc  <  t  <  x  \ 

a  ) 


where  G  l  \Glt%  and  Z  is  the  canonical  independently  scattered  SaS  measure  on 
i  U.  . P  ).  Since  X  is  stationary,  so  is  G.  C  hecking  condition  ( 5 )  with  h  =  G„,  we  have 

(  E\Gr  -  G„|’  I"  :  dr 


l  Ji  h  dr 


7  i  ,  ft 

/:  G,  -  G,J'‘  d  r 

,  r 


»(  r 1 

J  0 


( 2(  K<())-  Kir)])"  d r 


ft,[  K(0»  | " 


R(t) 
Ri  0) 


dr 


,/ 1 

-  / 

Kir)' 

v  • 

h 

\T . 

s 

1 

R<<M_ 

d\) 

(Jensen ) 

h 


R\0) 


where  Rir)  J  e  '  d^iiA).  and  the  inequalitv  is  strict  for  0-  n-  2  even  when 
ij  (i.  Hence  condition  ( 5  >  is  not  satisfied  and  V  cannot  be  ergodic. 


I  he  ergodic  decomposition  of  a  sub-Gaussian  process  V  can  be  easilv  described 
in  terms  of  the  ergodic  decomposition  of  the  corresponding  Gaussian  process  G 
'which  m. iv  or  max  not  be  metricallv  transitive)  using  the  fact  that,  modulo  null 
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sets,  the  a-field  of  invariant  sets  of  X  equals  the  smallest  a-field  containing  the 
<x~field  generated  by  the  a/2-stable  r.v.  A  and  the  o--field  of  invariant  sets  of  Y 


5.  Fourier  transforms 


We  say  that  a  complex  SaS  process  X  has  a  harmonic  spectral  representation  if 


-jv 


dW(A),  - ooctcoo , 


where  W  is  a  complex  independently  scattered  SaS  measure  on  (R1,  381,  /x),  p. 
finite.  Then  for  every  complex  fe  La(/x), 

E  expji  Re^  j"  fdW  J=expj-J  J  |Re[/(A)  ei9]|“  dv(A,  0)} 


where  v  is  a  measure  on  the  Borel  subsets  of  Ul  x  (~tt,  it]  with  a  marginal  ix\p{Bx 
(-it,  7 t]}  =  fi(B)  [14,  2].  X  is  stationary  if  and  only  if  the  measure  W  is  rotationally 
invariant,  i.e.  the  distribution  of  the  process  {ei4>W(B)%  Be  39 l}  does  not  depend  on 
4>y  in  which  case  v  =  fi  x  (Leb/27T)  and  for  / e  Lrt(/u,)  we  have 


£  expji  ReQ  /dW  }  =  expj-CQ  J  |/|“dMj 


where  C,t  =  (2u)  1  |cos  0|a  dO.  Unlike  the  Gaussian  case  a  =  2,  where  all  station¬ 
ary  Gaussian  processes  which  are  continuous  in  probability  have  a  harmonic 
representation,  there  are  stationary  SaS  processes  with  0<a<2  which  are 
continuous  in  probability  but  do  not  have  a  harmonic  representation,  such  as 
sub-Gaussian  processes  and  moving  averages  of  SaS  processes  with  stationary 
independent  increments  [5]. 

For  a  real  (stationary  )  SaS  process  X  we  say  that  it  has  a  harmonic  representation 
if 


(,  =  Re  J  e'" 


dW(A) 


where  W  is  as  above  (and  is  rotationally  invariant).  We  show  that  when  0<  a  <  2 
such  processes  are  never  ergodic,  in  sharp  contrast  with  the  the  stationary  Gaussian 
processes  (a  =  2)  which  are  ergodic  if  and  only  if  the  spectral  measure  /x  has  no 
atoms.  This  has  also  been  indicated  in  [17].  Even  though  these  processes  are  not 
ergodic,  their  spectral  measure  p.  can  be  estimated  consistently  under  the  usual 
assumptions  [18]. 
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Theorem  4.  A  real  stationary  SaS  process  with  a  harmonic  representation  is  never 
metrically  transitive  when  0  <  a  <  2. 


Proof.  With  some  minor  adjustments  in  the  proof  of  Theorem  1,  we  have  that  X 
is  metrically  transitive  if  and  only  if 


7"  Jo  H(ei  A  ~  1)^(A)II«  dr-»2||fc||a. 

^|j|(eiM-l)/i(A)||20“dT^4||ft||a 


for  all  complex  h  e  La(fx).  But 

r  x  e  i  /•  T I  A°  1 

(eilA  - 1  )ft(A )||“  dr  =  j  l',(A)|O}7j0  |2sinT  dT) 

|2  sin  ul"  d 


-Jj-'-Rf 

- *—  I  |2  sin  w|"  die  f  |/i|“  d/x 

T'"x  TT  Jo  Ja.O 

—  Dc,  j  |A|"  dfi. 

J  A  *() 


d/u(A ) 
u]  d/i(A) 


Note  that  when  a  -  2,  D2  =  2  and  thus  (11)  is  satisfied  provided  jjl\0}  =  0.  We  now 
show  that  when  0<a<2,  D„  <  2,  and  thus  (11)  is  not  satisfied  and  X  is  not 
metrically  transitive.  Indeed,  by  Jensen’s  inequality  we  have 

1  f 77 

D„  =  —  |2  sin  u|fr  du 

TT  Jo 

=  —  (|2  sin  u|2)f*  2  du  ^  (  —  I  |2sinu|2du 

7T  Jo  \TT  J() 

=  2"  2.  □ 


We  now  turn  our  attention  to  laws  of  large  numbers  ( LLN).  We  consider  complex 
processes  from  which  the  results  for  their  real  parts  follow  immediately.  Let  X  be 
a  complex  SaS  process  with  a  harmonic  representation.  It  is  easily  seen  that 

l„,|(A)dW(A)=  W{0} 

in  probability.  Thus  X  «  tisfies  a  weak  LLN  if  and  only  if  W{0}  =  0.  When  X  is 
stationary  ( i.e.  W  is  rotationally  invariant)  and  1  <  nr  ^  2,  then  by  BirkhofTs  theorem 
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the  above  convergence  is  also  a.s.,  and  X  satisfies  a  strong  LLN  (SLLN)  if  and  only 
if  /x{0}  =  0.  Following  the  approach  in  [10],  where  /^-stationary  processes  are 
considered,  we  show  that  this  latter  property  remains  true  even  when  X  is  not 
stationary. 

Theorem  5.  Let  X  be  a  complex  SaS  process  with  harmonic  representation  and 
1  <  a  ^  2.  Then 

-  f  X,  df  - *  W{0}  a.s. 

T  J(1 

and  X  satisfies  a  SLLN  if  and  only  ijfx{ 0}  =  0. 


Proof.  The  proof  parallels  that  of  theorems  T  and  2'  in  [10]  as  outlined  on  pp. 
303-304.  Here  we  only  point  out  the  main  adjustments  necessary  when  l<a<2. 
The  first  step  is  to  show  that  it  suffices  to  establish  the  a.s.  convergence  along  the 
integers  since 


Zk  =  sup 

k  ‘  t  k  ♦  1 


1 

f T'  1 

*  k 

X,  dt  ~  — 

X,  d/ 

Tm 

o  k  . 

0 

*  -*  X 


0. 


Indeed  from 


1  1 


k  +  \  k  Jo 
we  obtain,  for  1  <  p<  a. 


|X#|di  +  - 


A 

J  k 


IX, |d/ 


By  stationarity  E\X,\P  =  Const  <  x  for  all  /,  and  thus  { EZpkY  p  «  Const  k  1  so  that 
^  |  EZ[  <"  x  from  which  it  follows  by  the  Borel-Cantelli  lemma  that  ZK-*0  a.s. 
The  second  step  is  to  show  that,  since 

-  d  W(\  ), 


it  suffices  to  show 

f  clkA  -  1 

Yk±\  — ; - dW(A)  -  W{0)  a.s. 

Ja'I  *k\  k 

since  the  remainder  Rk  =  J  .,(elkA  -  1  ){\kA  )  1  d  W(  A  )  tends  to  0  with  k  a.s.  Indeed 
we  have 


* 

sin  kk/2 

J  A  •  |  1 

AA/2 

d^t(A)^ 


Const 
k  ' 
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Now  with  X  =  \fdW,  it  follows  from  (10)  that  ||ReX||"- 
J'  |Re/(A)  eitf|“  <MA,  6).  The  expression  for  ||Im  X||“  is  then  obtained  simply 
by  replacing  /  by  -if.  It  then  follows  that 

£|X|'’ «  £|Re  X\p  +  £|lm  X\p  =  Const{||Re  X||£  +  ||Im  X||£} 


=  Const 


+ 


so: 

(I.T. 


)Pl° 

Re  - 1/(  A )  e,B|“  d^(A,  0)^  J 


«Const||/||£  =  Const||X||£. 


Thus  for  each  e  >  0  and  1  <  p  <  a. 


^  Const 


Const 

77^ 


and  a.s.  follows  from  Borel-Cantelli. 

The  third  step  is  to  show  that  it  suffices  to  establish  a.s.  convergence  of  Yn  along 
the  subsequence  k  =  2"  since  supyK**v-|n -  Wb<>  a.s.  The  fourth  step  is  to 
show  that 


Tv-  dW(A)-  0  a.s. 

and  the  final  fifth  step  that 

I  d  W(  A  )  — *  ^{0}  a.s. 

J |A I'  2" 

These  steps  are  established  by  adjusting  Gaposhkin’s  arguments  in  ways  similar  to 
those  exhibited  in  steps  one  and  two— and  need  not  be  shown  here. 

We  finally  show  that  W{0}=0  if  and  only  if  ||  W{0}||„  =  hW  ~  0-  This  follows 
from  ( 12)  and 

||X||„  *£  || Re  X|U  +  ||Im  X||„  =  Const{(  £|Re  X\p),/p +  {E\lm  X\p)'/p 
«Const(£|X|'’)l/p.  □ 


6.  Doubly  stationary  processes 

We  introduce  in  this  section  a  new  class  of  stationary  SaS  processes  which  we 
term  doubly  stationary.  They  are,  loosely,  those  SaS  processes  whose  spectral 
representations  are  themselves  stationary. 
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To  be  more  precise,  let  (E,  X,  n)  be  an  arbitrary  (finite  or  infinite)  measure  space 
and  let  {/,:  t  £  G}  be  a  collection  of  measurable  functions  on  E.  G  is  in  general 
some  group — for  the  purposes  of  this  paper,  we  take  it  to  be  Z  or  U.  Call  {/,} 
stationary  if  the  ^-distribution  of  the  vector  (f,l+S9 . . .  ,fn+s)  is  independent  of  s  e  G 
for  each  fixed  choice  of  n  and  tj  e  G.  A  SaS  process  will  be  called  doubly  stationary 
if  it  has  the  same  distribution  as  some  process  {Xt  ff(\)  dz(A):  t  e  G}  where 
{/,}  ^  E„(E,  X,  fi)  is  stationary  and  Z  is  the  canonical  independently  scattered 
random  measure  on  (E,  I,  /x).  It  is  clear  by  checking  characteristic  functions  that 
doubly  stationary  SaS  processes  are  also  (strictly)  stationary.  Example  (iv)  below 
shows  the  converse  does  not  hold. 

For  stationary  {f}  we  may  find,  just  as  in  the  case  of  a  stationary  process,  a  group 
of  measure-preserving  set  transformations  {T,}  of  2  =  cr{/f}  such  that  f  =  T,fv .  (We 
also  denote  by  T,  the  induced  map  on  measurable  functions.)  Conversely,  any  group 
of  measure-preserving  set  transformations  defines  stationary  functions  { Ttf()}  for 
arbitrary  measurable  f0.  Thus  a  SaS  process  is  doubly  stationary  if  and  only  if  it 
has  a  representation  as  in  (2)  of  Section  1,  where  the  group  { U,}  is  induced  by  such 
a  group  {T,}.  This  equivalent  definition  will  be  more  useful  for  us,  if  not  as 
picturesque. 

Examples,  (i)  Every  mean-zero  stationary  Gaussian  process  is  doubly  stationary.  To 
see  this,  let  {X,}  be  a  mean-zero  stationary  Gaussian  process  on  (17,  P )  and  let 
Z  be  the  canonical  independently  scattered  Gaussian  measure  on  (E,  1,  fi)  = 
(17,  P).  Then  {  Y,  =  \n  X,(co)  dZ(a>)}  is  seen  (by  checking  characteristic  functions) 

to  have  the  same  distribution  as  {X,}.  Hence  {X,}  is  doubly  stationary. 

(ii)  Every  stationary  sub-Gaussian  process  is  doubly  stationary.  Let  {X,}  be  a-sub- 
Gaussian  on  (17,  E),  represented  as  X,  =  Al/2G,  as  in  Section  4.  As  seen  in  the 

proof  of  Theorem  3  in  Section  4,  {X,}  is  distributed  as  {Y,=Jn  cG,(a>)  dZ(oj)} 
where  Z  is  the  canonical  independently  scattered  SaS  random  measure  on  (17,  P) 
and  c  is  a  constant  depending  on  a.  {G,}  is  stationary  since  {X,}  is,  and  thus  {X,} 
is  doubly  stationary. 

(in)  All  SaS  moving  averages  are  doubly  stationary .  In  this  case,  the  group  {T,} 
is  the  translation  group  on  (G,  Haar  measure). 

(iv)  There  exists  a  stationary  SaS  process ,  continuous  in  probability ,  which  is  not 
doubly  stationary.  For  simplicity  we  take  a  =  1 ,  although  this  example  may  be  altered 
easily  to  work  for  each  a  e  (0, 2).  Define  Ut :  E^O,  l]-»  E*[0, 1]  for  real  t  by 
( UJ)(x)  =  2 lx2'~if(x2').  It  is  easily  checked  that  { Ut}  is  a  strongly  continuous  group 
of  linear  isometries,  so  that  {X,  =J()  L/,lr(U)dZ}  is  a  stationary  SaS  process  con¬ 
tinuous  in  probability.  Here,  Z  is  Cauchy  motion  on  [0,  1]  (the  canonical  SIS 
independent  increments  process  on  [0,  1]).  We  claim  that  {Xf}  is  not  doubly 
stationary. 

For,  if  {X,}  were  doubly  stationary,  we  could  find  a  measure  space  (E,  X,  ^),  a 
group  of  measure-preserving  set  maps  and  a  function  (feri/i)  such 

t^>T,<f)  is  a  spectral  representation  for  {X,}.  Since  (J, lt0.i j  is  also  a  spectral 
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representation  for  {X,}  we  must  have  that  ||2  AyL^/ollr/'to.ii  -  \\2  Ay7}^|| ,  for  all 
choices  of  A,  and  Hence  the  map  U,lio%\)*~*  Tt<f>  extends  to  a  linear  isometry  of 
sp{t/,l(o.i]}no.i]  °nto  sp{r,<ML«uo.  This  isometry  in  fact  extends  to  all  of  Lu[0, 1] 
by  [11,  Corollary  43],  since  C/0lf0  ,  j  =  ^[0.1  j  and  Ux  l(0>l](x)  =  2x  are  both  in 
sp{ U,\[q ,!]}.  Call  this  extension  M.  Again  by  [11,  Corollary  4.3],  M  has  the  form 
(M/)(x)  -  h(x){Sf){x)  where  S  is  induced  by  a  regular  set  isomorphism  of  (J8, 
Lebesgue)  to  (X,  /x).  Since  MU, l[0,i]=  Ttcfi  we  must  have  that,  calling  id(x)  =  x, 

Tt<f>  =  MUt lt0.,]=  M(2fid2'^)  =  AS(2rid2,  |)  =  2r/i[5(id)f 

Since  0^id<  1  a.e.,  we  have  that  0^5(id)<  1  a.e.  [fx].  If  0=sx<  1  we  have  that 
2rx2~‘^0  as  /-*  00.  But  T,<t)  must  be  equidistributed  for  all  /  (since  T,  is  measure- 
preserving),  and  2,/?[5(id)]2  ”1  by  the  above  is  not,  since  by  choosing  1  large  enough 
we  may  for  any  e>0  force  /x{|2//i[5(id)]2'_'l| <  e}  as  close  to  fx(E)  as  desired. 
Therefore  {X,}  cannot  be  doubly  stationary.  □ 

Remark.  In  view  of  the  representation  (2)  and  the  fact  that  groups  of  isometries  on 
L"  for  a  3*  2  are  determined  (essentially)  by  groups  of  transformations  on  the 
underlying  measure  space  (see  [16]  or  [11]  for  more  details),  it  is  natural  to  expect 
that  many  stationary  SaS  processes  can  be  shown  to  be  doubly  stationary  by 
“appropriately  altering"  the  measure  space  upon  which  {Uf}  is  defined. 

We  now  turn  to  the  ergodic  properties  of  doubly  stationary  processes.  For  the 
remainder  of  this  section,  we  assume  that  {Xf}  is  a  doubly  stationary  SaS  process 
with  spectral  representation  t^Tt4>  where  {Tf}  is  a  strongly  measurable  group 
induced  by  a  group  of  measure-preserving  set  transformations  on  the  arbitrary 
measure  space  ( £,  2,  /u. ),  and  4>  €  La(/x ).  We  also  assume  WLOG  that  X  =  v{  Tt<f>}. 
Denote  by  the  invariant  cr-field  of  {Tf},  3  -  {Ae  2:  TtA  =  A  for  all  t}. 

The  first  result  gives  a  sufficient  condition  for  metric  transivity.  Note  that  condition 
(13)  below  on  our  “shift”  {T,}  of  X  and  condition  (4)  of  Section  2  on  the  shift  in 
(i?,^,  P)  are  of  a  fundamentally  different  nature — (13)  is  a  kind  of  “asymptotic 
disjointness”  condition,  while  (4)  is  a  kind  of  asymptotic  independence  condition. 
This  should  not  be  too  surprising,  however,  since  it  is  known  (see  [20])  that  two 
jointly  SaS  r.v/s  are  independent  if  and  only  if  their  spectral  representatives  have 
disjoint  support. 


Theorem  6.  {X,}  is  metrically  transitive  if  for  all  sets  A,  Be  X  of  finite  ^.-measure 

r 


lim  — 

r-  T 


/x(  A  n  T,B)  dt  =  0. 


(13) 


Condition  (13)  guarantees  that  *i(£)  =  oc,  for  otherwise  (13)  would  be  false  for 
A  =  B  -  £. 
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Proof.  We  first  claim  that  it  is  enough  to  verify  (5)  and  (6)  of  Theorem  1  for  all 
simple  functions  g.  The  following  inequalities  are  valid  for  real  x  and  y: 

|x|"  —  |y|rt  <  |x  A-  y|"  ^  |x|a  +  \y\n  for  0  <  a  <  1 , 

|jc|‘*  -|y|“  -  or |jc  -P  v|“  1  [ v|  ^  |x+y|"  <  \x\n  +  \y\a  +  a\x\"  1  |  v |  for  1  «  a  2. 

The  first  is  well-known  and  the  second  follows  from  [18].  Call  x  =  T,g  -  g,  y  = 
g-h+T,(h-g)  and  z  -  x  +  y  =  Tth  -  h9  and  integrate  the  inequalities  (using  Holder 
in  the  second)  to  obtain 

II* II «  '  II  v|| "  ^  II z II a  ^  II * II »  +  II y II «*  0<a<  1 , 
n*li;:-lly|i::-a||^li::^  'liviL. ^ iizii;;^ n^ii"+ n^ii“^^n^ii:r  mivIL., 

Now  note  that  for  arbitrary  fixed  /i,  ||y|U  can  be  made  uniformly  small  in  /  by 
choosing  g  simple  with  ||/i-g||a  small,  and  that  ||z||(>  is  uniformly  bounded  in  t. 
These  observations  coupled  with  the  inequalities  above  show  that  if  (5)  holds  for 
all  simple  functions  g,  then  it  holds  for  all  h  e  sp{  T(4>}  (and  in  fact  for  all  /?  e  L"(/x  ) ). 
Squaring  the  inequalities  above  shows  that  the  same  thing  can  be  said  for  condition 
(6).  The  claim  is  therefore  true. 

Now  let  h  =  £  Cj \A/  e  Lu{fx  ),  with  {/4;}  a  partition  of  E  and  AQ  =  {h  =  0}  (and 
of  course  c{)  =  0).  Then  fx(Ai)<<x^  for  j  ^  1  and  /x(,40)  =  oc'.  Call  A„(t)  =  TtA ,  n  A,. 
Then  TJi  ~  h  =Y  ct\ TtAi -V  c,\ =Y."i_()(ct  -  c,)\ AnU)  where  {A„(t)}  partitions  E, 
and  we  have 

\\Tth-h\\:  =  I  |c,-c,|>M(/(/)).  (14) 

O  0 

Condition  (13)  guarantees  that 

lim  T  1  I  ||Tlfc-*||r>dr 

=  lim  T  1  [  {  £  |c,|‘>(  A, „(/))  +  X 

It  is  not  difficult  to  show  that  ( 13)  also  guarantees  that  lim  r  .  x  T  1  J  *  /jl(  T,B]  n  B:)  dt 
is  fx ( /?,)  [resp.  p.(  B2)]  if  Bx  and  B2  have  finite  measure  [resp.  B\  and  B:  have  finite 
measure].  Thus  (15)  shows  that 

lim  t  1  I  II  Tth  -  a  || ::  =  v  k. I'V ( A ) + X  klX  A,)  =  2\\h  || 

and  so  (5)  holds. 

To  show  (6)  holds,  note  that  from  (14), 

||  T,h  -  h  || ?"  =  V  |r, -f,|"|f* -o|'>('4«U)>mMh./(/)). 

».  f.k.l  0 


k,rMM0|(/)) }  dt. 


(15) 
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C  ondition  (13)  applies  to  show 


hm  T 


m  i 

I!  T,h  -  h  ||  d  t 

•  n 


-  lim  T  1 

1  r.‘/  i 

+  M  1  4ro<  n  )/u  ( A0„(  M  )  +  M  (  4,,r(  M  }/Lt  ( 4  / ) ) 

+  M<  4„,d/))/u<  Alll#l/))]d/. 


I  16) 


It  can  he  show  n  w  ith  a  little  thought  and  a  little  hit  more  computation  that  (  ondition 
(13)  also  guarantees  that  lim,  . ,  7  'j  p.(T,B]  B?)^l(T,Bx  B4)  di  is  equal  to 
fji  (  /?, )  fj.  (  Bs)  [resp.  fii  B\)fjii  B4)\  Bdfxi  Bx)\  )ii  BAfii  B^)  \  ii  77, ,  B  B ; .  774  ( resp 
77, ,  77%  77  •,  7?4;  77  T  77; ,  77, ,  774;  77,,  77 ,  /7" .  774  j  has e  finite  measure.  1  hus  i  16  i  show  s 
that  condition  (6)  holds,  and  {A,}  must  he  metrically  transitive. 


We  now  give  an  analogous  sufficient  condition  for  mixing  As  in  the  last  result, 
the  condition  on  \  Tf)  here  in  (17)  is  of  a  fundamental!)  different  nature  than  that 
on  the  shift  of  the  process  in  (7)  of  Section  3. 

Theorem  7.  {A’,}  is  mixing  if  for  all  4  ir{  T,(t>:  I '  Oh  77  <r{  T,<f>:  t  *0}  of  finite 

Li -measure, 

lim  (jl  (  A  T,B )  -  0.  (  I  "  i 


Again.  (17)  guarantees  that  ^i(  7:  )  ^  x  . 

Proof.  We  will  verify  (9)  of  Theorem  2.  Applying  arguments  similar  to  those  in  the 
proof  of  Theorem  6,  we  see  that  it  is  enough  to  have  (91  for  simple  g  and  h  in 
L  ’ifjL).  Let  A  -  supptg  )  -  {#  *  OJ,  B  supp(/i),  and  let  g  and  h  he  hounded  hv 
M.  Note  that  suppl  f,h  \  -  T,B  and  that  4  and  B  are  of  finite  measure.  Since 

l!is  +  7>jii;:-  Wg-\:  -  h !i:;-  2/\/><a  J]B), 

(17)  shows  that  (0)  holds  and  thus  that  {AT  is  mixing 

We  now  look  at  laws  of  large  numbers  for  doubly  stationary  processes.  Lor 
simplicity  we  assume  that  a  1 ,  so  that  /  A,1*  v  and  we  have  (as  in  Section  >i 
that  {A,}  satisfies  a  SLLN  if  and  only  if  it  satisfies  a  weak  I  I  N. 

Note  that  for  A,  -  \ f  T,<f>  dZ,  T  1  j  [  A,  d(  -  \f  (  T  1  \  T,4>  di )  dZ,  the  change  of 

integration  being  justified  as  in  (4,  Theorem  4.6]  But  7  1  jti  Tttf>  dt  converges  m 
L"  to  £(</>  |./)  by  the  mean  ergodic  theorem  (see  Theorem  C  of  the  Appendix).  So 
by  the  definition  of  the  stochastic  integral,  T  1  j  A,  dr  converges  in  probability, 
and  hence  a.s.,  to  J  /  ( <f>  | ./  )  dZ.  This  proves 

Theorem  8.  Let  1  -  a  2.  Then  as  T  x ,  7  1  jn  A,  dt  converges  a  s.  and  m  probability 
to  a  random  variable  distributed  as  )  dZ.  Thus  {  AT  satisfies  the  SI  I  N  if 

and  only  if  TA<b\T  )  0  a.e.  [ p. ). 
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It  follows,  for  I  u  ‘  2.  that  a  necewarv  condition  for  metru  transitivity  of  j.Y,} 
is  t  ( (t>  ;V  )  -  0;  and  that  if  every  set  of  J  has  either  :ero  of  infinite  ^  measure,  then 
{X,}  satisfies  the  SLLN. 

These  results  allow  us  to  construct  examples  showing  that  neither  of  the  conditions 
"ergodicitv  of  (  T,\"  or  ‘metric  transitivity  of  { X,  \"  implies  the  other  To  mention 
one  such  example,  let  1-  a  2.  \  T,}  he  translation  h>  /  I  mod  l>  on  |0,  1).  if* 

1, ,  ind  V,  fn  T,<t>  d/  Then  til  {  T,  j  is  ergodie  (n)  {V  |  satisfies  the 
SLLN,  and  <iiil  { \,f  is  not  metrically  transitive  (i)  is  obvious,  and  (ii>  follows  from 
ii)  and  Theorem  8.  since  /(  /  <  c/>  ./ »  /  </>  0  To  serifs  (mi,  we  note  that 


Itm 


7  if)  if)  '  d/ 


1. 

i 


7  ,(f)  tf)  ■  *  dt 


t  d/  t 


‘l  l  lid/ 


2  :  d) 


and  thus  condition  i5»  in  Theorem  I  does  not  hold 


Appendix 

We  collect  here  some  tacts  from  ergodic  theory  needed  throughout  the  paper 
Although  w e  expect  that  nothing  in  this  presentation  is  new .  w  e  wan  ‘ind  no  reference 
tor  Theorems  H  and  (  We  assume  that  all  (continuous  parameter'  groups  are 
stronglx  measurable  in  order  to  he  able  to  define  the  appropriate  integrals  (see  (8. 
pp  68^  686  ]i  We  state  Theorems  A  and  (  in  the  continuous  case,  hut  their  discrete 
s ersions  are  also  true 

Theorem  A.  /  et  { i  J  he  a  group  of  isometries  on  l  r<  /  ,  i.  ^  >.  where  (  /  .  p  \  is  an 
arbitrary  measure  space,  and  p  I  Jlien  for  all  if)  >  l  ripi  i,  /  j  l  if)  dt  Pth  as 
7  -  x.  where  the  convergence  is  a  e  and  in  lf .  and  P  is  a  pru/etfion  operator  onto 
M  ±  [  f  -  rip)  L  ,f  f  for  all  ft 

Proof.  The  strong  convergence  follows  from  [8.  p  662  |  in  the  discrete  case,  and  (S. 
p  68V |  m  the  continuous  case  That  P  is  such  a  protection  follows  from  (8,  p  662 
and  p  688],  (  l  |  shows  that  the  convergence  is  also  a  e 

When  \L\)  is  induced  hv  a  group  of  measure  preserving  set  transformations  {  7  } 
on  i  /-,  2,  n  ),  we  can  identilv  the  limn  operator  P  above  In  the  case  fi(/*  *■  x  ,  it 
is  well  known  that  P  is  the  conditional  expectation  operator  given  the  invariant  sets 
of  j  7"f }-  In  the  case  p  (  /•  \  x  .  it  is  the  appropriate  generalization  of  such  a  conditional 
expectation,  which  we  now  describe 
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Theorem  B.  For  ( £f,  1,  /i  )  u/i  arbitrary  measure  space  and  i„  u  sub-<r- field  of  1 , 
orf/wjjontf/  projection  of  L‘(D  onto  L  (llt)  has  a  unique  extension  by  continuity  to  a 

positive  contractive  projection  Ei  of  Lril  )  onto  l  <2,,)  for  1  ‘  p^  2  E  (  /  i,  > 

iv  characterized  as  the  unique  Im  measurable  function  in  Lr  satisf  ying  j  Ft  V  ij  dp 
j  f dp.  for  all  Ac  of  finite  measure. 

Proof.  Denote  by  (?  the  orthogonal  projection  of  L  ( 1  )  onto  1.  bor  all  \  1,, 

with  hnite  measure  and  f\  L Mi  ),  1  \  is  orthogonal  to  /  Ql  and  so 

J  O/dM  i»/dM  "«» 

This  characterizes  <*)  in  the  sense  that  Q/  is  the  unique  immeasurable  function  m 
L  which  satisfies  ( 18).  Relation  (  18)  also  shows  that  Q  is  positive,  i.e.  Qf  '0  a  e 
if  f  >0  a  e.,  and  |C>/K  Q\f j.  This,  coupled  with  <  18)  and  the  fact  that  the  support 
of  any  1  \  L:  is  rr- finite,  shows  that  HQ/1',  ^  j|/||,  for  any  f  l  1  I  Q  now  extends 
bv  continuitv  to  a  positive  contractive  projection  f  I  -  i<()  of  /(i)  onto  /  lii,,i 
satisfying  (18)  for  all  /t  L'  The  Riesz  C  onvexity  Theorem  |8,  p  *s 2 5 )  shows  that 

the  last  statement  is  true  with  1  replaced  bv  p  \  1  p-  2) 

It  is  clear  that  for  pi/:)*  x,  Ei  -  i„)  is  the  standard  conditional  expectation 
operator  E  <  •  li0). 

We  can  now  state  the  ergodic  theorem  needed  in  Section  6. 


Theorem  C.  Let  I  /  ,  i,  p )  be  arbitrary ,  the  group  {T,\  be  induced  by  a  group  of 
measure-presen  in^  set  transformations  of  i,  and  7  *  {A*  i  T,A  A  for  all  ft  Lor 
</>t  Z/(p  >, 

T  '  j  T,<t>  dr  -  F.\<t>  i  i 

as  T  -*  x,  where  the  convergence  is  a  e.  and  in  Lr  if  i  i)  I  •  p  *  2,  or  if  <iii  p  1  urn/ 

p  (  /:>  ■  X  . 

Proof.  Theorem  A  gives  us  that  T  1  j  |  T,  df  converges  to  a  projection  P  on  \f  - 
{  /\  Lr  TJ  -  f  for  all  /}  in  the  appropriate  senses  if  l  p  ~  2.  bor  p  1,  the 
convergence  follows  from  [8,  p  6<*2  and  p  675)  for  the  discrete  case,  and  |K.  p  68^ 
and  p  690]  for  the  continuous  case  It  remains  to  identify  P  as  Ei  -  7  > 

P  as  an  operator  on  L  must  be  a  contraction,  being  the  strong  limit  of «  onlractions 
In  a  Hilbert  space  there  is  but  one  contractive  projection  onto  a  given  subspace, 
namely  the  orthogonal  projection  onto  that  subspace  Since  it  is  easy  to  verifv  that 
\1  Lr[  b,  7,  p.  1,  we  have  that  P  Ei  ■  |7  )  on  l.  \  and  hence  that  P  /  (  7  )  on  /  r 
bv  Theorem  B 
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